We prove that the cop number of a 2K 2 -free graph is at most 2 if it has diameter 3 or does not have an induced cycle of length k, where k ∈ {3, 4, 5}. We conjecture that the cop number of every 2K 2 -free graph is at most 2.
neighbor of v. Since G is 2K 2 -free, S is a stable set. In his first move the robber will choose a vertex in S, say w, but he cannot move from w (since the cops in u and v are not moving). The third cop just walks to w, by taking a shortest path from u to w, to capture the robber.
In the previous simple argument it seems that we are using too may cops. Can we save a cop? We state this as a conjecture.
Conjecture 0.1. Let G be a 2K 2 -free graph. Then c(G) ≤ 2.
In this article we prove two partial results towards this conjecture. The first one deals with graphs with diameter 3. Recall that the diameter of a graph is the maximum length of a shortest path between two vertices.
Theorem 0.1. Let G be a 2K 2 -free graph with diameter 3. Then c(G) ≤ 2.
Proof. Let v 0 , v 3 be vertices such that the distance between them is 3, and let
Note that v 2 ∈ B, in particular, B is non-empty.
We claim the following.
(1) L 3 is stable.
For if not, let a, b ∈ L 3 be adjacent vertices. Then {a, b, v 0 , v 1 } induces a 2K 2 , a contradiction. This proves (1).
(4) For any two adjacent vertices a, b ∈ A, at least one of them is adjacent to v 2 .
Suppose neither a nor b is adjacent to v 2 . Then {a, b, v 2 , v 3 } induces a 2K 2 , a contradiction. This proves (4).
We give a winning strategy with 2 cops. We will assume that the robber never places himself in a vertex adjacent to a cop vertex, and that he surrenders when that is not possible. Place one cop at v 1 and the other at v 2 . We claim the following:
(5) The robber moves to a vertex in A 2 .
The robber does not move to v 0 , A 1 , B because they are in the neighborhood of v 1 . The robber does not move to a vertex L 1 because it is in the neighborhood of v 2 . The robber does not move into L 3 , because if he does, the cop at v 1 stays to block the robber' escape, and the other cop just walks to the robber and catches him. (Note that we are using (2) again here.) This proves (5).
Let z ∈ A 2 be the vertex that the robber chooses. This implies that z is non-adjacent to v 2 . Let y be a neighbor of z in L 1 . Now, the cop at v 2 moves to y, and the cop at v 1 moves to v 2 . Now it is the robber's turn, but (6) The robber can only move to a vertex in the neighborhood of either v 2 or y, and hence surrenders.
Since z is a neighbor of y, the robber has to move. Since v 2 ∈ B, by using (2) we may assume he does not move to L 1 for L 1 is in the neighborhood of v 2 . The robber cannot move to a vertex in A 2 since A 2 is stable. Since no vertex in A 2 is adjacent to a vertex in L 3 , the robber cannot move to L 3 . He will not move to a vertex in B, B is complete to y. Let w ∈ A 1 be a neighbor of z. Since z is non-adjacent to v 2 , by (4) w must be adjacent to v 2 . Every neighbor of z in A 1 is also a neighbor of v 2 . This proves (6).
Thus 2 cops have a winning strategy in G, completing the proof of the theorem.
We remark that we have used the hypothesis that G has diameter 3 to infer that L 3 (as we have defined in the proof) is non-empty, and hence, so is B. This was crucial in the proof. We couldn't find a way to adjust the proof so as to work for graphs with diameter 2. Incidentally, there is a paper [10] on the cop number of diameter 2 graphs, but the focus there is on Meyniel's conjecture, which states that the maximum cop number of an n-vertex graph is of the order of √ n (see [4] ).
It is tempting to compare the properties "χ-bounded" and "bounded cop number". On the positive side, there are graphs with arbitrarily large girth and arbitrarily large cop number (see [4] ). On the negative side, line graphs (a subclass of claw-free graphs) have unbounded cop number (see [6] ), while they are χ-bounded by a quadratic χ-bounding function.
Our next result is when the graph under consideration does not have an induced cycle of length k, where k ∈ {3, 4, 5}. Note that a 2K 2 -free graph cannot contain an induced k-cycle for k ≥ 6.
Theorem 0.2. Let G be a 2K 2 -free graph. If G has no induced k-cycle for some k ∈ {3, 4, 5}, then c(G) ≤ 2.
Proof. Suppose that G has no induced 4-cycle. The main result in [2] is a structure theorem for (2K 2 , C 4 )-free graphs. It states that V (G) is the union of A, B, C where A is either empty or induces a 5-cycle, B induces a clique and C induces an empty graph (graph with no edges), and A is complete to B and A is anticomplete to C. Just placing a cop on a B-vertex gives a winning strategy when B is non-empty. If B is empty, then so is C (because G is connected), and hence G = C 5 . (Note that c(C 5 ) = 2.) Hence c(G) ≤ 2. Now suppose that G has no induced 5-cycle. Let uv be an edge in G. Let A be the set of vertices that are neighbors of u but not v. Let B be the set of vertices that are neighbors of v but not u. Let C be the set of vertices that are neighbors of both u and v. Let D be the set of vertices that are neither neighbors of u nor v. Since G is 2K 2 -free, D is a stable set. Here is a winning strategy for 2 cops. Place the two cops on u, v. The robber will go to a vertex z ∈ D, for otherwise, he will captured in the next move. Suppose that z has a neighbor in A ∪ B, without loss of generality say z is adjacent to y ∈ B. The cop at v moves to a vertex y. The cop at u moves to v. Since G is C 5 -free, any vertex in A that is adjacent to z is also adjacent to y. The robber has no move, and is captured in the next move. Suppose that z has no neighbor in A ∪ B. The cop at u remains stationary, and the cop at v just moves and catches the robber who is unable to move from z. Hence c(G) ≤ 2. Now suppose that G is triangle-free. If G has no induced 5-cycle, we are done by the previous paragraph. Hence we may assume that G contains an induced 5-cycle. It is known that every (2K 2 , C 3 )-free graph containing C 5 is a blow-up of C 5 , meaning every vertex has become a stable set (see Theorem 2 in [7] ). The cop number of a blow-up of C 5 is 2, as the reader can easily check. We conclude that c(G) ≤ 2.
The following stronger conjecture was posed in [9] . It is stronger because the class of 2K 2 -free graphs is a proper subclass of the class of P 5 -free graphs.
Conjecture 0.2. Let G be a P 5 -free graph. Then c(G) ≤ 2.
It is natural to ask about mK 2 -free graphs, where mK 2 denotes the disjoint union of m copies of K 2 . It is easy to see that the cop number of an mK 2 -free graph is at most 2m − 1 (by the same argument as in Proposition 0.1), but we believe it can be improved. We record it as a problem.
Problem 0.1. What is the maximum cop number of mK 2 -free graphs?
